Introduction
Numerical simulations are extensively used for the prediction of fluid flow in industrial and biological applications, many of which include branching flows. Industrial applications include bifurcating pipes and mixing chambers whereas biological applications include bifurcating blood vessels and airways. In all such applications, the flow structure at and beyond the bifurcation is highly dependent on the flow division that occurs at the bifurcation. The main challenge computationally is to impose a set of boundary conditions that leads to the correct flow division without artificially changing the flow structure in regions of interest.
Of particular interest in the present study is the flow through the human carotid bifurcation, which supplies oxygenated blood to the head. For this case, prediction of the flow structure in the vicinity of the bifurcation is essential for studying the fluid stresses on the artery walls and the aggravation of diseases such as atherosclerosis. In most studies to date ͑see, for example, Perktold et al. ͓1, 2͔, Rindt et al. ͓3͔͒ , the flow division across the branches of the carotid bifurcation has been obtained by specifying a velocity profile ͑Dirichlet velocity condition͒ at the inlet, and then a velocity profile ͑Dirichlet velocity condition͒ at one outlet and a pressure level at the other outlet. In this manner, the inlet mass flow and the mass flow across one branch are imposed, thereby fixing the flow division at the bifurcation. However, to specify velocity boundary conditions, the velocity profiles must be assumed. At the inlet, the velocity profile is known ͑see McDonald ͓4͔͒, however, at the outlets the profiles are not known a priori and thus, fully-developed conditions are generally used. To ensure that the fully-developed velocity profile imposed at the outlet does not affect the flow structure at the bifurcation, very long outlet domains must be used, which adds computational expense due to the added grid points. In the present study, a dual-pressure boundary condition has been developed for the outlet branches to replace the velocitypressure conditions described above. The dual pressure condition allows the velocity profiles to form more naturally across the outlet planes and thus, positioning of the outlet planes has only a minimal influence on flow structures upstream. As with other types of boundary conditions, correct positioning of the outlet boundary must still be determined by a far-field boundary study. The main benefit of the present condition is that the flow need not be fully-developed across the outlet and thus, the size of the computational domain can be considerably reduced. The dual-pressure condition is shown to be suitable for both steady and timeperiodic calculations. The remainder of this paper describes the development and implementation of the dual-pressure boundary conditions followed by a series of computations on a threedimensional carotid bifurcation model under both steady and pulsatile ͑periodic͒ conditions to validate the present formulation.
Formulation and Implementation
Consider the carotid bifurcation model shown in Fig. 1 ͑Smith et al. ͓5͔͒. In the present formulation, a velocity profile is imposed across the inlet ͑common͒, as in previous works, but pressure conditions are now specified at both outlets. Pressure is then extrapolated to the inlet plane from within the domain and zero normal derivatives on velocity are specified at both outlet planes. The pressure level at one outlet is set to a constant reference pressure, P o , and the pressure at the other boundary, P d , is set in such a way as to maintain a desired, preset flow division between the external carotid artery ͑ECA͒ and the internal carotid artery ͑ICA͒ branches. Setting the pressure in this manner is analogous to introducing a relative flow resistance in the branches. Since the pressure ratio P d / P o is not known a priori, an iterative procedure has been derived to adjust P d so that the solution converges stably towards the desired flow division. The iterative procedure is implemented as part of the inner, non-linear loop of a finite- volume solver such that one correction is made per inner iteration. As such, for a steady simulation, the correct flow division is obtained upon final convergence and for a time dependent, pulsatile simulation, the correct flow division is obtained at every converged time step. The procedure for initializing and correcting P d must be devised carefully to ensure stable convergence, particularly in pulsatile simulations, since the pressure field is highly dependent on the cardiac wave pattern and the associated time step size (⌬t). To explain, in the systolic portion of the cardiac cycle, high accelerations and decelerations occur over a short time producing sharp changes in the pressure field, whereas in the diastolic portion of the cycle only small changes occur. The equation developed to correct P d is a power-law of the form
where M err is the mass flow error described as
E is an exponent that controls the magnitude and direction of the pressure correction, R is the flow ratio, Rϭṁ ECA /(ṁ ECA ϩṁ ICA ), which is found from the current iteration, R desired is the desired flow ratio, which in general is a function of time, and ␤ is a relaxation coefficient used to accelerate the convergence when R is far from R desired . The value of E was obtained from
The power-law formulation ensures that when R desired ϪR is large, the correction M err E is also large. It is easily seen from equations 2 and 3 that the correction coefficient M err E in equation 1 approaches R desired as the flow division converges to the desired ratio. Thus, to ensure that corrections are no longer applied for RϭR desired , the factor ␤ϭ1 upon convergence. However, to accelerate convergence, 0.5р␤р1.5 depending on the deviation between the computed and desired flow division. Differences of the order of ͉R desired ϪR͉у0.10 warranted the use of ␤ϭ0.5 or 1.5 ͑depending on the value of E͒ and smaller differences were scaled between 0.5р␤р1.5. It was found from the present computations that relaxation was only necessary to accelerate steady-state computations; for the pulsatile calculations, the pressure differences from one time step to another were typically small. While other parameters might be involved in the correction of P d , equation 1 was found to be suitable since the number of additional non-linear loops was not considered to be excessive.
Validation
To verify the present formulation, the dual-pressure boundary conditions were implemented into the commercial software, CFXTfc ͑AEA Technologies ͓6͔͒ to carry out a series of calculations on a three-dimensional carotid bifurcation model under both steady and pulsatile conditions. The computational mesh was dense enough to render the computed results grid-independent to within Ϸ2% ͑see Gin et al. ͓7͔͒. The length of the outlet branches was varied from 24R com (12D com ), which is typically used in such simulations ͑Steinman et al. ͓8͔, Bharadvaj et al. ͓9͔͒, to 12R com (6D com ) to test the influence that the dual-pressure condition has on the flow structure at and beyond the bifurcation. The results used for comparison here are those obtained from the shortest model, 6D com , and the longest model, 12D com . The mesh density of the model was maintained throughout the computations. As such, the long-branch model required approximately 802,000 linear tetrahedral elements whereas the short-branch model required only 585,000 elements. The reader is directed to Gin ͓10͔ for details of the computational procedure.
Plots of the velocity profiles at several locations along the symmetry plane are shown in Fig. 2 for the pulsatile simulation for two different times in the pulse cycle. The first plot, for t/T ϭ11/60, occurs at peak systole, while the second plot, for t/T ϭ20/60, occurs just after the rapid deceleration of the cycle. It is evident that only minute deviations exist between the results from the two different cases, indicating that the position of the outlet plane has ͑virtually͒ no effect on the predicted results upstream of the boundary. In fact, the observed differences are within the error allowed for the convergence of the flow division ratio. It is also evident that the velocity profiles at the outlet planes of the short model, i.e. at 6D com , deviate considerably from fully-developed conditions and thus, imposition of fully-developed velocity conditions at this point would not be suitable for a model of this length. It is expected that if the outlet were moved farther upstream into a region of flow reversal, significant errors may occur, as would be the case with most other outlet conditions. Figure 3 shows contour plots of the wall shear stress in the vicinity of the bifurcation for the same time levels shown in Fig. 2 . Again, only small differences are observed between the results of the two different cases, indicating that the present boundary condition does not affect upstream activity for the range of outlet lengths considered. As a final validation, average pressure differences between the inlet and 6D com were compared for the full model and the shortened model. Note that for the full model 6D com is a position halfway down the outlet branches, whereas in the shortened model 6D com is the outlet. The dimensional pressure differences for the two models at times t/Tϭ11/60 and 20/60 are summarized in Table 1 . The final column in Table 1 shows deviations between the full and shortened models and indicates that differences of less than 4% occur, again demonstrating the validity of the present boundary condition. Figure 4 shows the convergence behavior of the pressure, P d , at the ECA outlet as a function of time step for a steady case. The figure essentially shows the evolution of the average pressure, P d , with time on the ECA face. For this simulation, P d was essentially converged within 20 iterations, while 67 iterations were required for full solution convergence. Similar behavior was observed during the convergence of a time-step for a pulsatile simulation, i.e. 12 inner iterations were typically required obtain convergence within a time step, approximately a third of which saw significant pressure corrections.
Conclusions
A method for imposing dual-pressure boundary conditions at the outlets of bifurcating vessel models has been presented. The method involves the imposition of a constant pressure on one branch, while adjusting iteratively the pressure on the other branch until a preset flow division is attained. The present method alleviates the need for specifying a fully-developed velocity condition at one outlet, which if imposed too close to the bifurcation, could affect the flow structure in regions of interest. Computations of pulsatile flow in a three-dimensional carotid bifurcation model with varying outlet branch lengths showed that the position of the outlet did not influence the flow field in the regions of interest. As such, computations of this flow could be carried out with far less grid points and computational runs were completed in a fraction of the original time. The present condition is suitable for steady and time-periodic simulations of both laminar and turbulent flows. Table 1 Summary of dimensional pressure differences between the inlet and a position 6D com in the outlet branches at times tÕTÄ11Õ60 and 20Õ60. The last column indicates the difference between the full and shortened models. 
